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Introduction to Statistics 

▸Statistics: is the study of the collection, 

analysis, interpretation, presentation, and 

organization of data. 

▸Population: consists of all elements-

individuals, items, or objects- whose 

characteristics are being studied. 

▸Sample: smaller group of members of a 

population selected to represent the population. 



Introduction to Statistics 

▸A parameter is a characteristic of a 

population. 

▸A statistic is a characteristic of a sample. 



Descriptive and Inferential 

Statistics 

▸Descriptive statistics are used to describe the 

basic features of the data in a study. 
▸Descriptive statistics do not allow us to make 

conclusions beyond the data we have analyzed or 

reach conclusions regarding any hypotheses we 

might have made. They are simply a way to 

describe our data by two general types of statistic: 

Measures of central tendency and Measures of 

spread. 

 



Descriptive and Inferential 

Statistics 

▸Inferential statistics are used to allow a 

researcher to make statistical inferences, that is 

draw conclusions about the study population 

based upon the sample data. 
▸There are two main types of Inferential Statistics, 

estimation and hypothesis testing. 



Hypothesis Testing 

▸A “hypothesis” is a statement of belief about the 

values of population parameters. 

 
 

▸Two types of hypotheses: 

 

 

 

 
▸The null hypothesis is usually a hypothesis of no difference. 

 

 

 

Null (H0) 

Alternative 

(H1 or Ha) 



Tests of Hypothesis 

▸Test statistic: Based on the observed data, we 

form a test statistic and use one or more cutoff 

values for the test statistic to determine when to 

reject or not to reject the null hypothesis. 
▸When we observed the data, we are asked to 

make one of two decisions; 

 “H0 is accepted” OR “H0 is not accepted” 

 



Tests of Hypothesis 

▸Example (two treatments): 

 
   H0: The probability of improvement is the same for 

patients on treatment A as it is on treatment B. 

 

H1: The probability of improvement is greater for    

treatment A than treatment B. 

 



Tests of Hypothesis 

Two-sided test: 
▸Alternative hypothesis suggests that a 

difference exists in either direction. 

▸Should be used unless there is a very good 

reason for doing otherwise. 

One-sided test: 
▸When it is completely inconceivable that the 

result could go in either direction, or the only 

concern is in one direction. 

▸The expectation of the result is not adequate 

justification for one-sided test. 



Types of Errors 

 

 

 

 

 

 

 



Types of Errors 

 

 

 

 

 

 

 

▸The probability of a type I and II errors are 

respectively labeled α and β.  

 

▸The power of a hypotheses test is defined as 

the probability of rejecting the false null 

hypothesis (power=1- β). 
 
 



P-value 

 

 

 

 

 

 

 

▸The set of values for which the null hypothesis 

would be rejected is called the critical region. 

 

▸The probability of observing a value in the critical 

region when the null hypothesis is correct is called 

the significance level. 

 

▸The probability of observing a value as extreme or 

more extreme than the observed value when the 

null hypothesis is true is called the p-value. 
 

 



P-value 

 

 

 

 

 

 

 

 

 



Normality Assessment 

 

 

 

 

 

 

 

▸The three common procedures in assessing 

whether a random sample of independent 

observations of size n come from a population 

with a normal distribution are: 
 

1. Graphical methods (histograms, boxplots, Q-Q-plots) 

2. Numerical methods (skewness and kurtosis indices)  

3. Normality tests  
 



Normality Assessment 

 

 

 

 

 

 

 

▸Numerical Methods: 

• Ratio of skew/(std error of skew) > |2| 

• Ratio of kurtosis/(std error of kurtosis) > |2|  

 

▸Graphical Methods: 

• Histograms 

• Box plots 

• Q-Q-plot 



Normality Assessment 

 

 

 

 

 

 

 



Normality Assessment 

 

 

 

 

 

 

 

▸Normality Tests: 

• Kolmogorov-Smirnov (KS) test 

• Shapiro-Wilk (SW) test 

• Lilliefors (LF) test 

• Anderson-Darling (AD) test 

 
▸Simulation Results show that Shapiro-Wilk (SW) 

test is the most powerful normality test whereas 

Kolmogorov-Smirnov (KS) test is the least powerful 

test [1,2]. 



Explore Menu 

 

 

 

 

 

 

 

▸For describing both numerically and graphically 

continuous variables or comparing groups of 

cases within a variable. 

 

▸Analyze > Descriptive Statistics > Explore 

 



Explore Menu 

 

 

 

 

 

 

 

Select the 

continuous 

variables you 

want to 

describe  

Select the 

categorical 

variables, 

If you would like 

to compare 

groups of cases 

within a variable  



Independent T-Test 

 

 

 

 

 

 

 

▸The independent-samples t-test (or 

independent t-test, for short) compares the 

means between two unrelated groups on the 

same continuous, dependent variable.  

 

 



Independent T-Test 

 

 

 

 

 

 

 

▸Example 2: A researcher decided to investigate 

whether an exercise or weight loss intervention is 

more effective in lowering cholesterol levels. To 

this end, the researcher recruited a random 

sample of inactive males that were classified as 

overweight. This sample was then randomly split 

into two groups: 

 

 



Independent T-Test 

 

 

 

 

 

 

 

▸Group1 underwent a calorie-controlled diet. 

▸Group2 undertook the exercise-training 

program. 

 
• To determine which treatment program was more 

effective, the mean cholesterol concentrations 

were compared between the two groups at the end 

of the treatment programs. 

 

 

 



Independent T-Test: Assumptions 

 

 

 

 

 

 

 

▸Assumption 1: Your dependent variable should 

be measured on a continuous scale (i.e., it is 

measured at the interval or ratio level).  

 

▸Assumption 2: Your independent variable 

should consist of two categorical, independent 

groups. 

 

 



Independent T-Test: Assumptions 

 

 

 

 

 

 

 

▸Assumption 3: You should have independence 

of observations, which means that there is no 

relationship between the observations in each 

group or between the groups themselves. 

 

▸Assumption 4: There should be no significant 

outliers. Outliers are simply single data points 

within your data that do not follow the usual 

pattern. 

 

 



Independent T-Test: Assumptions 

 

 

 

 

 

 

 

▸Assumption 5: Your dependent variable 

should be approximately normally distributed for 

each group of the independent variable. We talk 

about the independent t-test only requiring 

approximately normal data because it is quite 

"robust" to violations of normality. 

 

▸Assumption 6: There needs to be 

homogeneity of variances. You can test this 

assumption in SPSS using Levene‟s test for 

homogeneity of variances.  

 

 



Analysis  

of  

Variance 

(ANOVA) 



ANOVA: Definition 

▸In statistics, analysis of variance (ANOVA) is 

a collection of statistical models , and their 

associated procedures, in which the observed 

variance in a particular variable is partitioned 

into components attributable to different sources 

of variation. 
 



One-way Analysis of Variance 

▸The one-way analysis of variance (ANOVA) 

is used to determine whether there are any 

significant differences between the means of 

two or more independent (unrelated) groups 

(although you tend to only see it used when 

there are a minimum of three, rather than two 

groups). 
 



ANOVA: Approach 
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One-way Analysis of Variance 

▸The variation between the groups, SS(B), or 

the variation due to the factor. 

 

▸The variation within the groups, SS(W), or the 

variation that can‟t be explained by the factor 

so it‟s called the error variation. 
 

)()()( WSSBSStotalSS 



One-way Analysis of Variance 

Sum of Squares (SS): 

▸Variation is the sum of 

the squares of the 

deviations between a 

value and the mean of 

the value. 

 
 

Mean of Squares (MS): 

▸They are an average 

squared deviation from 

the mean and are found 

by dividing the 

variation(SS) by the 

degrees of freedom.  

 



One-way Analysis of Variance 

▸It is important to realize that the one-way 

ANOVA is an omnibus  test statistic and 

cannot tell you which specific groups were 

significantly different from each other; it only 

tells you that at least two groups were different. 
 



ANOVA: Assumptions 

▸Assumption1: Your dependent variable 

should be measured at the interval or ratio 

level (i.e., they are continuous). Examples of 

variables that meet this criterion include 

revision time (measured in hours), intelligence 

(measured using IQ score), exam performance 

(measured from 0 to 100), weight (measured in 

kg), and so forth. 
 



ANOVA: Assumptions 

▸Assumption2: Your independent variable 

should consist of two or more categorical, 

independent groups. Typically, a one-way 

ANOVA is used when you have three or more 

categorical, independent groups, but it can be 

used for just two groups (but an independent-

samples t-test is more commonly used for two 

groups). 
 



ANOVA: Assumptions 

▸Assumption3: You should have 

independence of observations, which means 

that there is no relationship between the 

observations in each group or between the 

groups themselves. For example, there must 

be different participants in each group with no 

participant being in more than one group.  



ANOVA: Assumptions 

▸Assumption4: There should be no significant 

outliers. Outliers are simply single data points 

within your data that do not follow the usual 

pattern. The problem with outliers is that they 

can have a negative effect on the one-way 

ANOVA, reducing the validity of your results.  



ANOVA: Assumptions 

▸Assumption5: Your dependent variable 

should be approximately normally distributed 

for each category of the independent variable. 

We talk about the one-way ANOVA only 

requiring approximately normal data because it 

is quite "robust" to violations of normality, 

meaning that assumption can be a little violated 

and still provide valid results. 



ANOVA: Assumptions 

▸Assumption6: There needs to be 

homogeneity of variances. You can test this 

assumption in SPSS using Levene's test for 

homogeneity of variances. If your data fails this 

assumption, you will need to not only carry out 

a Welch ANOVA ( or Brown-Forsythe) instead 

of a one-way ANOVA, which you can do using 

SPSS, but also use a different post-hoc test.  



ANOVA: Assumptions 



ANOVA: Example 

▸A manager wants to raise the productivity at 

his company by increasing the speed at which 

his employees can use a particular 

spreadsheet program. As he does not have the 

skills in-house, he employs an external agency 

which provides training in this spreadsheet 

program. They offer 3 courses: a beginner, 

intermediate and advanced course.  



ANOVA: Example 

▸He is unsure which course is needed for the 

type of work they do at his company, so he 

sends 10 employees on the beginner course, 

10 on the intermediate and 10 on the advanced 

course. When they all return from the training, 

he gives them a problem to solve using the 

spreadsheet program, and times how long it 

takes them to complete the problem. 



ANOVA using SPSS 

▸In SPSS, we separated the groups for 

analysis by creating a grouping variable called 

Course (i.e., the independent variable), and 

gave the beginners course a value of "1", the 

intermediate course a value of "2" and the 

advanced course a value of "3". Time to 

complete the set problem was entered under 

the variable name Time (i.e., the dependent 

variable).  



ANOVA using SPSS 

▸Click Analyze > Compare Means > One-

Way ANOVA... on the top menu as shown 

below. 



ANOVA using SPSS 

▸You will be presented with the following 

screen: 

 



ANOVA using SPSS 

▸Transfer the dependent variable (Time) into 

the Dependent List box and the independent 

variable (Course) into the Factor box using the 

appropriate buttons (or drag-and-drop the 

variables into the boxes), as indicted in the 

diagram below: 



ANOVA using SPSS 

▸Click the button Post Hoc. Tick the Tukey 

checkbox as shown below: 



ANOVA using SPSS 

▸Click the button Options. Tick the Descriptive 

checkbox in the Statistics area, as shown 

below:  



ANOVA using SPSS 

▸NOTE: When testing for some of the 

assumptions of the one-way ANOVA, you will 

need to tick more of these checkboxes. 

 

▸Click the Continue button. 

▸Click the  OK button. 

 



ANOVA using SPSS 

▸Descriptives Table: The descriptives table 

provides some very useful descriptive 

statistics, including the mean, standard 

deviation and 95% confidence intervals for the 

dependent variable (Time) for each separate 

group (Beginners, Intermediate and 

Advanced), as well as when all groups are 

combined (Total). These figures are useful 

when you need to describe your data. 

 



ANOVA using SPSS 



ANOVA using SPSS 

▸ANOVA Table: This is the table that shows 

the output of the ANOVA analysis and whether 

we have a statistically significant difference 

between our group means. We can see that 

the significance level is 0.021 (p = .021), which 

is below 0.05. and, therefore, there is a 

statistically significant difference in the mean 

length of time to complete the spreadsheet 

problem between the different courses taken.  

 



ANOVA using SPSS 

 
 
 
 
 
 

 
▸This is great to know, but we do not know which of 

the specific groups differed. Luckily, we can find this 

out in the Multiple Comparisons Table which 

contains the results of post-hoc tests. 
 



ANOVA using SPSS 

▸Multiple Comparisons Table: From the 

results so far, we know that there are significant 

differences between the groups as a whole. 

The table below, Multiple Comparisons, shows 

which groups differed from each other. The 

Tukey post-hoc test is generally the preferred 

test for conducting post-hoc tests on a one-way 

ANOVA, but there are many others. 

 



ANOVA using SPSS 



ANOVA using SPSS 

▸We can see from the table below that there is 

a significant difference in time to complete the 

problem between the group that took the 

beginner course and the intermediate course (p 

= 0.046), as well as between the beginner 

course and advanced course (p = 0.034). 

However, there were no differences between 

the groups that took the intermediate and 

advanced course (p = 0.989). 

 



ANOVA using SPSS 

▸Based on the results above, we could report 

the results of the study as follows: 

 



Do Your Data Violate One-Way 

ANOVA Assumptions?  

▸Nonnormality: In the case of nonnormality, a 

nonparametric test or employing a 

transformation may result in a more powerful 

test. 

▸Unequal variances: Use Welch's t test or 

Brown-Forsythe test. 

 



Do Your Data Violate One-Way 

ANOVA Assumptions?  

▸Nonnormality and unequal variances :If both 

nonnormality and unequal variances are 

present, employing a transformation may be 

preferable. A nonparametric test like the 

Kruskal-Wallis test  still assumes that the 

population variances are comparable. 

 



Brown-Forsythe test 

▸The BF test implemented in the SPSS One 

Way (ANOVA) procedure is a test of means, not 

variances.  There is also a Brown-Forsythe test 

for equality of variances.  

 
▸Brown, M. B., and A. B. Forsythe. 1974a. The small sample behavior of 

some statistics which test the equality of several means. Technometrics, 

16, 129-132. 

▸Brown, M. B., and A. B. Forsythe. 1974b. Robust tests for the equality 

of variances. Journal of the American Statistical Association, 69:, 364-

367. 

 



Analysis  

of  

Covariance 

(ANCOVA) 



ANCOVA: Definition 

▸The ANCOVA (analysis of covariance) can be 

thought of as an extension of the one-way 

ANOVA to incorporate a "covariate". 

▸ Like the one-way ANOVA, the ANCOVA is 

used to determine whether there are any 

significant differences between the means of two 

or more independent (unrelated) groups 

(specifically, the adjusted means).  
 



ANCOVA: Assumptions 

▸Assumption1: Your dependent variable and 

covariate variable should be measured on a 

continuous scale (i.e., they are measured at the 

interval or ratio level). 

▸Assumption2: Your independent variable 

should consist of two or more categorical, 

independent groups. 
 



ANCOVA: Assumptions 

▸Assumption3: You should have 

independence of observations, which means 

that there is no relationship between the 

observations in each group or between the 

groups themselves.  

▸Assumption 4: There should be no 

significant outliers.  
 



ANCOVA: Assumptions 

▸Assumption5: Your dependent variable 

should be approximately normally distributed 

for each category of the independent variable. 

▸Assumption6: There needs to be 

homogeneity of variances. 
 



ANCOVA: Assumptions 

▸Assumption7: The covariate is linearly 

related to the dependent variable at each level 

of the independent variable. 

▸Assumption8: There needs to be 

homogeneity of regression slopes, which 

means that there is no interaction between the 

covariate and the independent variable. 
 



ANCOVA: Example 

▸Example: A researcher was interested in 

determining whether a six-week low- or high-

intensity exercise-training program was best at 

reducing blood cholesterol concentrations in 

middle-aged men. Both exercise programs were 

designed so that the same number of calories 

was expended in the low- and high-intensity 

groups. As such, the duration of exercise 

differed between groups.  
 



ANCOVA: Example 

▸The researcher expected that any reduction in 

cholesterol concentration elicited by the 

interventions would also depend on the 

participant's initial cholesterol concentration. As 

such, the researcher wanted to use pre-

intervention cholesterol concentration as a 

covariate when comparing the post-intervention 

cholesterol concentrations between the 

interventions and a control group. 
 



ANCOVA using SPSS 

▸Therefore, the researcher ran an ANCOVA 

with: (a) post-intervention cholesterol 

concentration (post) as the dependent variable; 

(b) the control and two intervention groups as 

levels of the independent variable, group; and 

(c) the pre-intervention cholesterol 

concentrations as the covariate, pre. 
 



ANCOVA using SPSS 

▸The independent variable, group, has three 

categories: "control", "Int_1" (representing the 

low-intensity exercise intervention), and "Int_2" 

(representing the high-intensity exercise 

intervention). 
 



ANCOVA using SPSS 

▸Click Analyze > General Linear Model > 

Univariate... on the main menu, as shown 

below: 
 



ANCOVA using SPSS 

▸You will be presented with the Univariate 

dialogue box, as shown below: 
 



ANCOVA using SPSS 

▸Click the Model button and you will be 

presented with the Univariate: Model dialogue 

box, as shown below: 
 



ANCOVA using SPSS 

▸If the homogeneity of regression assumption is 

violated, one strategy is to look at the effect of 

your group variable at different levels of your 

covariate.   

▸Johnson-Neyman procedure 

▸Modified Johnson-Neyman procedure 
 



ANCOVA using SPSS 

▸Click the Options button. You will be presented 

with the Univariate: Options dialogue box, as 

shown below: 

 
 



ANCOVA using SPSS 

▸Transfer the variable, group, from the Factor(s) 

and Factor Interactions box to the Display 

Means for box. Then, check Compare main 

effects, which will activate the Confidence 

interval adjustment: option. From this drop-down 

menu, select "Bonferroni" from the options. Also, 

select Descriptive statistics and Estimates of 

effect size in the –Display– area, as shown 

below:  
 



ANCOVA using SPSS 



ANCOVA using SPSS 

▸Click the  Continue button and you will be 

returned to the Univariate dialogue box. 

▸Click the OK button. This will generate your 

output. 
 



ANCOVA using SPSS 

▸Descriptive statistics: The Descriptive 

Statistics table (shown below) presents 

descriptive statistics (mean, standard deviation, 

number of participants) on the dependent 

variable, post, for the different levels of the 

independent variable, group. 
 



ANCOVA using SPSS 

▸ANCOVA results: The main section of the 

results is presented in the Tests of Between-

Subjects Effects table, as shown below: 
 



ANCOVA using SPSS 

▸Estimates: To get a better understanding of 

how the covariate has adjusted the original post 

group means, you can consult the Estimates 

table, as shown below: 
 



ANCOVA using SPSS 

▸Post hoc tests: Now that you know there is a 

statistically significant difference between the 

adjusted means, you will want to know where 

the differences lie. This is reported in the 

Pairwise Comparisons table, as shown below: 
 



Simple Linear 

Regression 



Regression Models 

▸Relationship between one dependent variable 

and explanatory variable(s). 

▸Use equation to set up relationship. 

▸Used Mainly for Prediction & Estimation. 

 
 



Types of  

Regression Models 

Regression 

Models 

Linear 
Non- 

Linear 

Simple Multiple 

Linear 
Non- 

Linear 



Simple Linear Regression Model 

Regression 

Models 

Linear 
Non- 

Linear 

Simple Multiple 

Linear 
Non- 

Linear 



Linear Regression Model 

▸Relationship Between Variables Is a Linear 

Function 

Y X i i i  β  β ε 0 1 

Dependent 

(Response) 

Variable 

 

Population 

Slope 

Population  

Y-Intercept 

Random 

Error 

Independent 

(Explanatory) Variable  

 



Population & Sample 

Regression Models 

Unknown 

Relationship 

Population Random Sample 

Y Xi i i    0 1

  

iii XY  ˆˆˆ
10 



Population Linear Regression Model 

Y

X

iii XY   10

  iXYE 10  



Sample Linear Regression Model 

Y

X
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10 

ii XY 10
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Scatter plot 

▸1.Plot of All (Xi, Yi) Pairs. 

▸2.Suggests How Well Model Will Fit. 
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Thinking Challenge 

▸How would you draw a line through the 

points?  How do you determine which line „fits 

best‟?  
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Thinking Challenge 

▸How would you draw a line through the 

points?   How do you determine which line „fits 

best‟? 
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Thinking Challenge 

▸How would you draw a line through the 

points?   How do you determine which line „fits 

best‟? 
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Thinking Challenge 

▸How would you draw a line through the 

points?   How do you determine which line „fits 

best‟? 
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Intercept changed 



Least Squares 

1.„Best Fit‟ Means Difference Between Actual 

Y Values & Predicted Y Values is a Minimum. 

But Positive Differences Off-Set Negative 

ones. So square errors! 

 𝑌𝑖 − 𝑌 𝑖
2

=  𝜀 𝑖
2

𝑛

𝑖=1

𝑛

𝑖=1

 

 
2.LS Minimizes the Sum of the Squared 

Differences (errors) (SSE). 

 

 
 
 



Coefficient Equations 

▸Prediction equation 

 
 
▸Sample slope 

 
 
▸Sample Y – intercept 
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Interpretation of Coefficients 

▸Slope (𝛽 1):Represent the mean change in the 

response (dependent) variable for one unit of 

change in the predictor (independent) variable.  

 

▸Intercept (𝛽 0):Mean value of  response  when 

X = 0. 

 
 
 



Error Variable: Required 

Conditions 

▸Mean of distribution of errors is 0 

 

▸Distribution of errors has constant variance 

 

▸Distribution of errors is normal 

 

▸Errors are independent 

 
 
 



Model Assumptions 

▸Independence: The data of any particular 

subject are independent of the data of all other 

subjects 

▸Normality: in the population, the data on the 

dependent variable are normally distributed for 

each level of the X variable. 

 
 
 



Model Assumptions 

▸Homoscedasticity: In the population, the 

variances of the dependent variable for each 

level of the X variable are equal. 

▸Linearity: In the population, the relation 

between the dependent variable and the 

independent variable is linear. 

 
 
 



Model Assumptions 

▸Assumption 1: Your two variables should be 

measured at the continuous level (i.e., they are 

either interval or ratio variables. 

▸Assumption 2: There needs to be a linear 

relationship between the two variables.  
• If the relationship displayed in your scatterplot is 

not linear, you will have to either run a non-

linear regression analysis, perform a polynomial 

regression or "transform" your data. 

 

 

 
 



Model Assumptions 



Model Assumptions 

▸Assumption 3: There should be no 

significant outliers.  

• An outlier is an observed data point that has 

a dependent variable value that is very 

different to the value predicted by the 

regression equation. 

 

 

 

 
 



Model Assumptions 



Model Assumptions 

▸Assumption 4: You should have 

independence of observations, which you can 

easily check using the Durbin-Watson statistic, 

which is a simple test to run using SPSS 

Statistics. 

 

 

 

 
 



Model Assumptions 

▸Assumption 5: Your data needs to show 

homoscedasticity, which is where the 

variances along the line of best fit remain 

similar as you move along the line. 

 

 

 

 
 



Model Assumptions 



Model Assumptions 

▸Assumption 6: The residuals (errors) of the 

regression line are approximately normally 

distributed. Two common methods to check 

this assumption include using either a 

histogram (with a superimposed normal curve) 

or a Normal P-P Plot.  

 

 

 

 
 



Coefficient of Determination 

▸R2 measures the proportion of the variation in 

Y that is explained by the X. 
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Coefficient of Determination 

▸R2 takes on any value between zero and one. 

▸R2 = 1: Perfect match between the line and 

the data points. 

▸R2 = 0: There are no linear relationship 

between x and y. 

 

 
 
 



Multiple Linear 

Regression 



MLR 

Models 

Linear 
Non- 

Linear 

Simple Multiple 

Linear 
Non- 

Linear 



MLR: Definition 

▸Simply, MLR is a method for studying the 

linear relationship between a dependent 

variable and two or more independent 

variables. 
 



MLR: Definition 

Y X X Xi i i k ki i         0 1 1 2 2 

Dependent 

(response) 

variable 

Independent 

(explanatory) 

variables 

Population 

slopes 

Population  

Y-intercept 

Random 

error 



Interpretation of Coefficients 

▸Slope (𝛽 𝑘):Represent the mean change in the 

response variable for one unit of change in the 

predictor variable (Xk) while holding other 

predictors in the model constant. 

▸Intercept (𝛽 0):Mean value of  response  when 

all Xk = 0. 
 



Coefficient of  

Multiple Determination 

▸Proportion of Variation in Y „Explained‟ by All 

X Variables Taken Together. 

 
▸If you add a variable to the model, how will 

that affect the R-squared value for the model? 

 
 



Adjusted R2 

▸R2 Never Decreases When New X Variable 

Is Added to Model (Disadvantage When 

Comparing Models). 

 

▸Solution: Adjusted R2  
• Each additional variable reduces adjusted R2, 

unless SSE goes up enough to compensate. 



Adjusted R2 

▸The adjusted R2 adjusts for the inflation in R2 

caused by the number of variables in the 

equation. As the sample size increases above 

20 cases per variable, adjustment is less 

needed (and vice versa). 



Adjusted R2 
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Testing Overall Significance 

of regression parameters  

▸Tests if there is a Linear Relationship 

Between All X Variables Together & Y. 

▸Hypotheses 
• H0: β1 = β2 = ... = βk = 0  

• No Linear Relationship. 

• Ha: At Least One Coefficient Is Not 0  

• At Least One X Variable linearly Affects Y. 

▸Uses F test statistic 

 

 

 



Variables in the Model? 

▸One approach is to perform literature review  

and examine theories to identify potential 

predictors , thus building  a “theoretical” 

variate, which may reflect the biologic or 

clinical relevance of the variable. 



Variables in the Model? 

▸A second approach is to examine statistics 

that show the effects of each variable both 

within and out of the equation.  
• The “statistical variate” is built based on those 

variables showing the most effect (significant at 

0.25 or 0.20).  

• These are sometimes called “Forward and 

Backward Stepwise Regression. 

 



Different Ways of Building 

Regression Models 

▸Simultaneous: all independent variables 

entered together. 

▸Stepwise: independent variables entered 

according to some order  

• by size or correlation with dependent 

variable  

• In order of significance 

▸Hierarchical: independent variables entered 

in stages. 

 



Regression Diagnostics  

▸Plot the residuals versus the predicted values. 

(no non-random patterns ) 

▸Also plot the residuals versus each of the 

predictors. (non-random patterns ) 

▸Assess the distribution of residuals 

(standardized residuals), they should be 

normally distributed with mean zero 

▸Examine the residuals over time, no pattern 

should be observed if the errors are 

independent. 

 

 



Multicollinearity 

▸Multicollinearity arises when two variables 

that measure the same thing or similar things 

(e.g., weight and BMI) are both included in a 

multiple regression model; they will, in effect, 

cancel each other out and generally destroy 

your model.  

▸When predictors are highly correlated, 

standard errors are inflated. 

 

 



Multiple, Multivariate or 

Multivariable Regression? 

▸Multivariate analysis refers to statistical 

models that have 2 or more dependent or 

outcome variables. 

▸Multiple or multivariable analysis refers to 

statistical models in which there are multiple 

independent or explanatory variables.  
 

 



How ANOVA 

and Linear 

Regression 

Really are the 

Same Model 

Wearing 

Different 

Clothes 



ANCOVA vs. Regression 

▸Analysis of Covariance was developed for 

experimental situations in which the 

independent variables are categorical and 

usually manipulated, not observed.  

▸The covariate–continuous and observed–is 

considered a nuisance variable.  



ANCOVA vs. Regression 

▸There are no research questions about how 

this covariate itself affects the dependent 

variable. The only hypothesis tests of interest 

are about the independent variables, controlling 

for the effects of the nuisance covariate. 



ANCOVA vs. Regression 

▸A typical example would be to compare the 

math scores of students who were enrolled in 

three different learning programs at the end of 

the school year.  

▸The only research question would be about 

whether the math scores differed on average 

among the three programs. 



ANCOVA vs. Regression 

▸It would be useful to control for a covariate like 

IQ scores, but we are not really interested in 

the relationship between IQ and math scores. 



ANCOVA vs. Regression 

▸But that‟s really just one application of a linear 

model with one categorical and one continuous 

predictor. The research question of interest 

doesn‟t have to be about the categorical 

predictor, and the covariate doesn‟t have to be 

a nuisance variable. 



ANCOVA vs. Regression 

▸A regression model with one continuous and 

one dummy variable is the same model 

(actually, you‟d need two dummy variables to 

cover the three categories, but that‟s another 

story). 



ANCOVA vs. Regression 

▸The focus of that model may differ–perhaps 

the main research question is about the 

continuous predictor. But it‟s the same model. 

And your software will run it the same way. 

YOU may focus on different parts of the output 

or select different options, but it‟s the same 

model. 



ANCOVA vs. Regression 

▸So what do you do instead of labeling 

models? Just call them a General Linear 

Model. It‟s hard to think of regression and 

ANOVA as the same model because the 

equations look so different. But it turns out they 

aren‟t. 



ANCOVA vs. Regression 



ANCOVA vs. Regression 

▸If you look at the two models, first you may 

notice some similarities. Both are modeling Y, 

an outcome. Both have a “fixed” portion on the 

right with some parameters to estimate–this 

portion estimates the mean values of Y at the 

different values of X. 

 

▸Both equations have a residual, which is the 

random part of the model–the variation in Y that 

is not affected by the Xs. 



ANCOVA vs. Regression 

▸But wait a minute, there are no Xs in the 

ANOVA model! 

 

▸Actually, there are.  

▸They‟re just implicit. Since the Xs are 

categorical, they have only a few values, to 

indicate which category a case is in. Those j 

and k subscripts? They‟re really just indicating 

the values of X. 



Repeated 

Measures Data 

Analysis 



Definitions 

▸One-way repeated measure design: 

Participants participate in one treatment and the 

outcome of the treatment is measured in different 

time points.  

▸Two-way repeated measure design: In a 

repeated measures design, there can be more 

than one group of subjects, in which case we 

have a between-subjects factor. 

 

 
 



Repeated Measures 

Terminology 

▸Subject:  An individual or experimental unit 

from which a sequence of responses are 

recorded. 

 

▸Within-subjects factor: A set of conditions in 

which a dependent variable is measured 

repeatedly for all subjects.  

 

▸Trials: The sequential conditions of the within-

subjects factor. 

 

 
 



Repeated Measures 

Terminology 

▸Between-subjects factor: A set of conditions in 

which a dependent variable is measured on 

independent groups of sample members, where 

each group is exposed to a different condition. 

The conditions that constitute this factor type are 

called groups.  

▸Repeated measures ANOVA with between-

subjects factors: An experimental design in 

which an analysis has both within-subjects 

factors and between subjects factors. 

 

 
 



One-Way Repeated Measures: 

The Steps 

▸The first step in solving repeated measures 

ANOVA is to combine the data from the multiple 

time periods into a single time factor for analysis. 

▸The time factor is then tested to see if the mean 

for the dependent variable is different for some 

categories of the time factor.  

 

 

 
 



One-Way Repeated Measures: 

The Steps 

▸If the time factor is statistically significant in the 

ANOVA test, then Bonferroni pairwise 

comparisons are computed to identify specific 

differences between time periods. 

 

 
 



Repeated Measures: Data 

Format  

▸Data typically take one of two formats: 

1. A record is created for each subject with 

responses over time periods and independent 

variables.  

2. A record is created for each time period and 

for each subject. Thus one subject would 

have multiple records. 

 

 
 



Repeated Measures: Data 

Format  

▸Broad or Wide form: 

 

 
 

id    time1   time2   time3   time4 

 

1      31       29       15       26 

2      24       28       20       32 

3      14       20       28       30 

4      38       34       30       34 

5      25       29       25       29 

6      30       28       16       34 



Repeated Measures: Data 

Format  

▸Long form: 

 

 
 



Repeated Measures: 

Assumptions 

▸Independence 

▸Normality 

▸Sphericity/ Compound symmetry 

 

 
 



Sphericity and Compound 

Symmetry 

▸Extension of homogeneity of variance 

assumption 

▸Compound Symmetry is stricter than Sphericity 

(but maybe easier to explain) 

• All variances are equal to each other 

• All covariance are equal to each other 

 

 
 



Sphericity and Compound 

Symmetry 

▸Sphericity is that the variance of the differences 

are equal. 

• Variance of difference scores between time 1 

and 2 is equal to the variance of difference 

scores between time 2 and 3. 

 

 
 



Sphericity and Compound 

Symmetry 

▸Sphericity is less strict and is the only thing we 

need to meet for RM ANOVA. 

 

 
 



Sphericity Assumption 

Violations 

▸A more conservative method of evaluating the 

significance of the obtained F is needed: 
▸Greenhouse-Geisser (1958) correction 

• Gives appropriate critical value for worst situation 

in which assumptions are maximally violated. 

▸Huynh-Feldt correction 

• The Huynh-Feldt epsilon is an attempt to correct 

the Greenhouse-Geisser epsilon, which tends to 

be overly conservative, especially for small sample 

sizes. 

 



Repeated Measures with 

Between-Subject Factor 

▸Often times were are interested in comparing 

treatments where the response of interest is 

measured at several points over time.  

▸For example, we might compare a drug that is 

supposed to reduce cholesterol to placebo where 

cholesterol is measured every two months over a 

12-month period. 

 



Repeated Measures with 

Between-Subject Factor 

▸Hypothetical Cholesterol Study 

 
Group Initial  2 mo. 4 mo. 6 mo. 8 mo. 10 mo. 12 mo. 

DRUG 

Placebo 



Questions of Interest: 

1. Is there a change in the cholesterol levels of 

subjects over time, i.e. is there a TIME 

EFFECT?  (within-subjects effect) 

2. Is there a TREATMENT EFFECT?  (between-

subjects effect) 

3. Is the effect of TIME the same for both 

TREATMENTS? (Interaction) 

 



Time Effect Only 

       treatment 

        placebo 

TIME (months) 
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Cholesterol Levels for both groups 

decreased over TIME however the decrease 

appears to be the same for both treatment 

groups, i.e. there is NO TREATMENT effect 

nor a TIME*TREATMENT interaction. 



Time and Treatment Effect 

Cholesterol Levels for both groups decreased 

over TIME and the trend over time was the 

same for both groups, however the decrease 

for those receiving the drug was larger, i.e. 

there is a TREATMENT EFFECT. 

       treatment 

        placebo 

TIME (months) 
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Time*Treatment Interaction 
   

       treatment 

        placebo 

Here the effect of time is 

NOT the same for both 

groups.  Thus we say that 

there is TIME and 

TREATMENT interaction. 

TIME (months) 
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Two Main Methods of Analyses 

1. Option 1: Use repeated-measures ANOVA 

using the “Univariate” approach (restrictive 

assumptions) 

2. Option 2: “Multivariate” ANOVA approach, i.e. 

MANOVA( less restrictive assumptions) 

 



Assumptions 

1. Both repeated-measures ANOVA and 

MANOVA assume that time intervals are 

equally spaced.   

2. Both methods assume response is normally 

distributed, but both approaches are robust 

against violations of normality. 

3. Repeated-measures ANOVA sphericity, or 

compound symmetry.  

4. Both approaches require complete data for all 

subjects, i.e. no missing observations for any 

subjects. 

 



Alternative Approach 

▸Linear Mixed Models 
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